
 Gd Category Gop
Classical Theorems

器
⼀

Like in classical htpy theory we assume all spaces are CGWH.ie

compactly generated and weak Hausdorff

G is assumed to he a compact Liegp or finitegps

⽿ A left G space is a space X w a cts map

Gㄨㄨ ㄨ

g x 1

g.xs.t.g.ig.xllg.gr x la x_x

A right G space is a left G space w acting g x xg
A G mapf.x Yisactsmaps.t.fi gx g.fixi

for all g t G

eg 1 X Y G acts on it ygix.gl g.x.g.gl
2 Map IX Y YX G acts on it by g f 1x1 g fig x



3 Gop IX Y 1MapIX Y G G fixed points of the mapping space
Mapaix Y

Caution Mapa set of morphisms in Gop Map

anoljinGTp.proGTop x 3 is a cartesian closed category

pf Suffice to find an internal hom.ie a functr Fin Gop at

F GTop x GTop sGFps.t.lt X EGTop there exist a

adjoint pair ⼀ X FIX ⼀ GT GFp
This leads to the following proposition

Ip Mapal Xx Y Z Mapa IX Map Y Z

pf Take G fixed points of Map I Xx Y Z Map x Map IY Z

It Pointed G spaces GTop

consists of ⼀ Based G spaces IX l.XEGT.it EX and

is G fixed

Based G maps f x Y fi 1

lpMapx.atX⼋Y Z Mapal X MapdY Z

1 Pairof adjunctions GTop GT



A A G CW complex X consists of the following data

17 G spaces indexed by n X st X Hi HHi
orbits

where He G is a closed sulgp

2 Attaching maps X ohtained from X hy attaching G_n 17 cells

G Hi xD via the map

4Hi x s in xn
suljet to

Hit I 4Hi x S xn

HitIGAixpnt1 si n_n

0上 Regard orbits as points

eg 1 G C2 G S1 r了 where r reflection

Now G has 2 orbits Gkz 413 So

0 cells C2Cz X 903 CYGX913

1 cells C
13 x D is x D

but

iii x

x soixcyczy
yk.lan xD



r fixed xo xi but takes upper Gfi了 x D to lower

Gfs了 X D So we can identify them

0 cells Xo Xi

1 cell C 13 ㄨ D

The attaching map is given hy

C 13 x 5 0 x s Gkz 133

4913 X D 5
where 1413x903 x

1 4513 X 513 x

27 G 2 5 1 s了 s notation y 180

ítitnyiii
gain stakes to

and 13 X D to Gkzx D⽐
EEikE_rgyjic.mx

D
0 cell C 13

1 cell
C
13 X D

Attaching map C2s3 x 5 0 X S 133

4913 X D 5
where 中 1413 x 903 13 and we identif

C 13 Her



3 G C2 9 1 r了 r reflection X S

1 ty
Similar to 出

sndǚiiij
I nell 了 xD

4sis xD Ne two d cells GkzxDd

Attaching map

3 xsni_iinihoc.de
n

4913 xD
yn

where fun1 了 x S 5

IT A G homotopy between f g X Y in GT is a G map

H Xx I Y s.t f H1 ol g H ⼀ 1 w trivial

G action f is a G homotopy equivalence if f Y X

s.t.fog.gofarehomotopi.toidentity at corresponding targets

Non X Y a htpy class of G

maps.ltLet H C G be closed sugp The H equivariant

htiygpsaneT.itX1 To Homa 417 S X Tnlx

It A weak htpy equivalence is a G mapf.X Ys.to

f't x't Y't is weak equivalence H HCG closed



业 x't 9 x E X hx x for all he H 3 categoricalI fixedpts

XH X H X 1x hx orbit space

both are Walt spaces where Walt is the Weylgp
Walt Na

Ip Pair of adjoint functors

⼀
ˇ

T
业
以

⼀ Gop
1 iá

w trivial

G action

PARTI.ee Classical Torems
Now we assume all X EGTop are G CW complexes

It Let v CCG IN

conjugacy
classes of G

Call f X Y is a v equivalence if f't X't ⼀ Y't is a
v1HI ⼀ equivalence for all H i.e.in Ifl is bijection when

n U1H 1 and surjeetion when n v1H

Particularly if u const then this is the classical n equivalence



T Homotopy extension lifting property aka HELP

Let A is X he a subcomplex dim X u Let f Y Z

be an v equivalence Given g A Y H A x I Z

h X Z w the following diagram commutes

A cit A x I ⼀起 A

il H

gxh szaf
YThenag.ITlifts g H respectively

A gJ
I2_AXIAfijiIixidiliiiii.iniX ㄨㄨ I

Props Let f Y Z be an v equivalence and it induces 1XEGop

fx X Y a X ZJa
Then fx is a

f
bijection if dim X u

surjection if dim X U

G Whitehead

Let f Y Z be an v equivalence dim Y Z U.tn

f is a G homotopy equivalence



亚 CW approximation

Let X EGTop Then G CW complex x ̅ and a weakequivale
x ̅ X his TT is

functorial.PARlisiifoina

giiT orGT.pt

3 Cofibrations

f X Y s.t.it has left lifting property w.r.taiy.lic fibrations

1年 T orbit category Orba

ohj GA HCG closed snhgp

mor G equivariant maps

Non Pl Orha cat of presheaves on Orha



1 1

1 P Orha has model structure

1 Weak equivalences

7 F Fz st Yat F.caH Fz G117 isaw.e

2 Fibrations

7 F sFzs.t.yat FCGH Fz GA is a fibratio
3 Cofibrations

y F Fzs.t.it has left lifting property w.r.t.aiy.lic fibrations

亚 Elmendorf

There's a Quillen equivalence

I P Orbal GTop I

where I F F He the action is determined ly Ant G
I X 2 w LIGA xH

Here x't has a natural Weylgp action

Appln Eilenberg MaiLane G spaces

Bredon ko homology theory

业 Both model structures on PCOrha Gop are cofibranty

generated



More comments on base change functor

Let f H K be a gp homomorphism for H K C G

as closed subgps Then there are pairs of adjunctions
fi

kTpi⼀ HT

where f IX1 K XH X

f IX 1Map1k x
t

f is induced hy f

eg 1 K fe了 f G se l f
ˇ

f IX xa X XG

fix Map1 X x9

21 f Hes K then f Resfrestri.tnon

filXIEKXHXf.tlX MapH K X

Modern viewpoint

Let BG small category G is the gp of interest
obj
mor G G acts on

Then GTp Fun BG T via the identification
⼀⼀functor catagony



X Fx BG Tp Fxl G1 ㄨd
Regard BG as a small diagram then ˋG action

xG limBa Fx Xa colimBa Fx

恡 Rewrite the previous generalization as follows

For f H K H K C G closed

It corresponds to F BH BK Then

Fun BK Top Fun BH Tp
112 112

KTop Tfs ItTop

F has left resp right adjoint given y the left
Iresp right1 Kan extension Namely

BH 1

Tpf
BK

__
ˊ

ˊ _ˊ

Lanf F f F

Rani F f F
When K se了 BK 2 F BH

Lang F colimBH F Ranf F limBHF


